
.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Utilizing Tighter ELBO Analysis for Semi-Supervised
Multi-Label Learning with Deep VAE Models

Haozhe Feng

State Key Lab of CAD& CG, Real Doctor AI Research Centre

fenghz@zju.edu.cn

June 17, 2019

Haozhe Feng (ZJU) Semi-Supervised VAE June 17, 2019 1 / 12



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Outline

Related Work
Our Method and Results
Further Work Plan

Haozhe Feng (ZJU) Semi-Supervised VAE June 17, 2019 2 / 12



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Related Work

- Regularization Based Deep Semi-Supervised Method
- Generation Method

Haozhe Feng (ZJU) Semi-Supervised VAE June 17, 2019 3 / 12



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Our Method and Results
Utilizing VAE to deal with semi-supervised learning tasks has been
proposed in 2014[1] and 2017 [2]. They all use maximum likelihood
estimation as the loss function, that is, maximize log p(x) while
unsupervised and maximize log p(x, y) while supervised. The ELBO loss
can be written as

log pθ(x, y) ≥ Eqphi(z|x,y)[log pθ(x|y, z) + log pθ(y) + log p(z)− log qϕ(z|x, y)]

(1)
= −Ll(x, y) (2)

logpθ(x) ≥ Eqphi(y,z|x)[log pθ(x|y, z) + log pθ(y) + log p(z)− log qϕ(y, z|x)]
(3)

=
∑

y
qϕ(y|x)(−Ll(x, y)) + Hqϕ(y|x) (4)

= −Lu(x) (5)
Haozhe Feng (ZJU) Semi-Supervised VAE June 17, 2019 4 / 12
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Our Method and Results

However, the traditional loss functions (1)− (5) have three drawbacks:
1 −Lu(x) needs to compute −Ll(x, y) many times
2 In real implementation, this model needs 2 stage hierarchical

structure, which is unstable and hard to train
3 The loss function can’t lead to a natural cross-entropy classification

loss form, which is essential to the classification performance.
4 The multi-label form of Lu(x) is∑

y1

∑
. . .

∑
yk

qϕ(y1, . . . , yk|x)(Ll(x, y1, . . . , yk))− Hqϕ(y|x) (6)

and the complexity is O(kc)
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Our Method and Results

To deal with these 3 problems, we propose a new framework for the VAE
based semi-supervised learning tasks with tigher ELBO analysis.
Firstly, instead of the assumption that (x, c) are pairs from the original
data space, we view label c as the discrete latent variables obey
multinominal distribution then make the independent assumption for both
marginal and conditional distribution as following

p(z, c) = p(z)p(c) (7)
p(z, c|x) = p(z|x)p(c|x) (8)

qϕ(z, c|x) = qϕ(z|x)qϕ(c|x) (9)
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Our Method and Results

Then utilizing the decomposition of KL divergence for independent
random variable

DKL(p(z, c|x)∥qϕ(z, c|x)) = DKL(p(z|x)∥qϕ(z|x)) +DKL(p(c|x)∥qϕ(c|x))
(10)

we can rewrite the ELBO as

log p(x)−DKL(qϕ(z|x)∥p(z|x))−DKL(qϕ(c|x)∥p(c|x)) =
E(z,c)∼qϕ(z,c|x) log pθ(x|z, c)−DKL(qϕ(z|x)∥p(z))−DKL(qϕ(c|x)∥p(c))

(11)

which can be used to train the unlabeled data and split their latent space
into the continuous and discrete latent variables.
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Our Method and Results
For the labeled data, we can get a similar loss function form of(11) by
Jensen’s inequality

log p(x) = log Ez∼qϕ(z|x),c∼p(c|x)
p(x, z, c)

qϕ(z|x)p(c|x)
≥ Ez∼qϕ(z|x),c∼p(c|x) log p(x, z, c)

qϕ(z|x)p(c|x)

= Ez∼qϕ(z|x),c∼p(c|x) log p(x|z, c) + Ez∼qϕ(z|x),c∼p(c|x) log p(z)p(c)
qϕ(z|x)p(c|x)

= Ez∼qϕ(z|x),c∼p(c|x) log p(x|z, c)−DKL(qϕ(z|x)∥p(z))−DKL(p(c|x)∥qϕ(c|x))

+ Ec∼p(c|x) log p(c)
qϕ(c|x)

≈whenqϕ(c|x)≈p(c|x) Ez∼qϕ(z|x),c∼p(c|x) log p(x|z, c)−DKL(qϕ(z|x)∥p(z))−DKL(p(c|x)∥qϕ(c|x))

+ Ec∼qϕ(c|x) log p(c)
qϕ(c|x)

(12)

= Ez∼qϕ(z|x),c∼p(c|x) log pθ(x|z, c)−DKL(qϕ(z|x)∥p(z))−DKL(qϕ(c|x)∥p(c))
−DKL(p(c|x)∥qϕ(c|x)) (13)

Haozhe Feng (ZJU) Semi-Supervised VAE June 17, 2019 8 / 12



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Our Method and Results

To make DKL(qϕ(z|x)∥p(z)),DKL(qϕ(c|x)∥p(c)) more explainable, we
utilize the mutual information decomposition form[3]

Ep̂(x)[DKL(qϕ(z|x)∥p(z)] = Iqϕ
(x; z) +DKL(qϕ(z)∥p(z)) (14)

We can view Iqϕ
(x; z) as a constant Cz. For p̂(x) =

∑N
i=1 δxi (x)

N , we can
rewrite (14) as the individual form

N∑
i=1

DKL(qϕ(z|xi)∥p(z)− Cz
N = DKL(qϕ(z)∥p(z)) (15)

Haozhe Feng (ZJU) Semi-Supervised VAE June 17, 2019 9 / 12
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Our Method and Results

We utilize (15) to rewrite (13) as the final loss function form for the
labeled data.

argϕ,θ min
N∑

i=1

1

NEz∼qϕ(z|xi),c∼p(c|xi) log−pθ(xi|z, c)

− |DKL(qϕ(z|xi)∥p(z))− Cz| − |DKL(qϕ(c|xi)∥p(c))− Cc|
− DKL(p(c|xi)∥qϕ(c|xi)) (16)
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Our Method and Results

The new semi-supervised loss function form (13) has 3 benefits:
1 The cross entropy loss DKL(p(c|x)∥qϕ(c|x)) is naturally derived
2 The framework can extend to multi-label task with complexity O(kc)
3 The one-stage training process is more stable than two-stage
4 By training with (13), the VAE model can reach a tighter ELBO

To reach the optimial point, we need to minimize
DKL(p(c|x)∥qϕ(c|x)), which minimizeDKL(qϕ(c|x))∥p(c|x) at the same
time, and make the marginal equation (11) between log p(x) and
ELBO tighter.
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Our Method and Results
We have tried our method in the MNIST,SVHN and CheXpert dataset.
Following are some results
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